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In this paper, we consider the localization of a five-dimensional gravitino field on f (R)-thick branes. We obtain the coupled chiral
equations of the Kaluza-Klein (KK) modes of gravitinos with the gauge conditionΨz = 0. The chiral equations of a gravitino’s KK
modes are found to be almost identical to those of the Dirac fermion. However, their chiralities are exactly opposite. The chiral
KK modes of gravitinos could be localized in some types of f (R)-thick branes on introducing a coupling term. We investigate
the localization of a gravitino on three types of f (R)-thick branes through a Yukawa-like coupling term with background scalar
fields. It has been shown that all the KK modes of gravitinos cannot be localized in the pure geometric f (R)-thick branes by
adding a five-dimensional gravitino mass term. However, for the f (R)-thick branes generated by one or two background scalar
fields, only the left- or right-handed zero mode could be localized in the branes, and the massive KK resonant modes are the
same for both left- and right-handed gravitinos despite their opposing chiralities. All these results are consistent with those of the
five-dimensional Dirac fermion except their chiralities, which may be an important sign to distinguish the gravitino field and the
Dirac fermion field.
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1 Introduction
The extra-dimensional theory has attracted increasing atten-
tion even though the visible world is a four-dimension space-
time [1-13]. Some classical physical problems including the
gauge hierarchy problem (the huge difference between the
Planck scale and the weak scale) [4, 5, 14, 15] and the cos-
mological problem [8, 12, 13, 16, 17] could be solved by uti-
lizing extra dimensions. In the 1920s, the Kaluza-Klein (KK)
theory was proposed to unify Einstein’s gravity and electro-
magnetism by introducing a compact extra spatial dimension
with Planck size [18, 19]. Several decades later, Akama,
Rubakov, and Shaposhnikov proposed the idea of a domain-
wall braneworld with an extra infinite dimension in a five-
dimensional flat spacetime [1, 2]. In 1998, Antoniadis and
Arkani-Hamed et al. introduced a famous model with a large
extra dimension in an attempt to solve the hierarchy problem
[3, 4]. One year later, Randall and Sundrum (RS) suggested
that this extra dimension with a warped geometry could be
finite or infinite, corresponding to the RSI [5] or RSII [6] thin
braneworld model. In both braneworld scenarios, our visible
four-dimensionalworld is a brane without thickness along the
extra dimension, and the matter fields of the standard model
(SM) are confined to the brane, whereas only gravity propa-
gates in the five-dimensional bulk spacetime. Subsequently,
more realistic thick branes generated dynamically by matter
fields or pure gravity were introduced [20-29]. In these mod-
els, a nonvanishing distribution of energy density along the
extra dimension existed.
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The braneworld scenario with warped infinite extra dimen-
sions requires a natural physical mechanism to trap the matter
fields on the branes so as to not conflict with current experi-
ments. Thus, investigating the localization of the matter fields
on various types of branes is essential [30-46]. To rebuild the
SM on the branes, the zero modes of these matter fields (the
four-dimensional massless particles) should be localized in
the branes. Moreover, the localization of massive KK modes
is crucial to provide a method to explore extra dimensions.
For example, we may observe some physical effects when
these KK particles interact with the SM particles in the Large
Hadron Collider (LHC) [47-50]. In some braneworld mod-
els, there are no bounded massive KK modes for some mat-
ter fields, whereas there may be some resonant KK modes
quasilocalized on the branes. These massive resonant KK
modes may stay on the branes for a long time and interact
with other particles, providing us with opportunities to find
the massive resonant KK modes and prove the existence of
extra dimensions [39, 42, 45, 51, 52, 54-56].
The gravitino is the gauge fermion supersymmetric part-
ner of the graviton in the theory of supersymmetry. It has
been suggested as a candidate for dark matter in cosmology
[58-62]. It is a fermion of spin 3/2 and obeys the Rarita-
Schwinger equation. The mass of a light gravitino is gen-
erally considered around 1 eV [58], but there are still some
challenges within the study of its mass [61]. Its mass has
been widely investigated using the models of hot and cold
dark matter [58, 60], and the possibility of finding light grav-
itinos at the LHC was discussed previously [63]. The behav-
ior of a gravitino near a black hole has also gained attention
[64-67]. Besides, a gravitino is a type of matter field beyond
the SM and has many special properties that the SM matter
fields do not possess. Therefore, the localization of a five-
dimensional gravitino field in a brane will be noteworthy, and
provide us new perspectives for investigating the gravitino.
Compared with the matter fields of the SM such as the scalar
and fermion fields, the works on the gravitino’s fields are few
and noncomprehensive [37, 46, 68-73]. The zero mode of
a five-dimensional free gravitino can be localized in a RS-
like brane only when a bulk mass term is introduced [69].
In a D-dimensional spacetime with D > 5, the zero mode
of the gravitino with a coupling term can be localized in the
brane, and its localization property is similar to that of the
Dirac fermion [37, 71]. In addition, the behavior of the grav-
itino’s KK modes with coupling terms was investigated pre-
viously [72]. Recently, the localization and mass spectrum of
the gravitino’s KK modes on two types of thin branes (the RS
branes and the scalar-tensor branes) were investigated [46].
Note that most of these investigations focused on the RS-like
thin branes.
In this paper, we focus on the localization of a five-
dimensional gravitino field on the f (R)-thick branes. Al-
though general relativity is a widely accepted theory, the
problems of black holes, dark matter, and dark energy still
attract people’s attention [74-77]. Furthermore, its nonrenor-
malization has motivated the investigation of modified grav-
ity theories, particularly those involving high-order curvature
terms [78]. f (R) gravity is a type of modified gravity whose
Lagrangian is a function of the scalar curvature R. It al-
ways contains high-order curvature invariants, which could
make the theory renormalizable [78]. Furthermore, the f (R)
gravity could be used to explain the dark energy or dark mat-
ter and to answer astrophysical and cosmological paradoxes.
Therefore, it has been studied widely in cosmology and the
braneworld fields [25, 29, 78-90]. Yu et al investigated vari-
ous kinds of f (R)-branes and proposed general solutions [29].
All of these solutions are also appropriate for general relativ-
ity braneworlds, i.e., f (R) = R.
In this study, we investigated the localization of a five-
dimensional gravitino field on the f (R)-thick branes, whose
solutions have been previously provided [29]. The conclu-
sions about the localization of the gravitino will have some
universality because they are also appropriate for general-
relativity braneworlds. We believe that we can obtain some
interesting results for the structure of thick branes that are
inapplicable for thin branes. Our work is organized as fol-
lows: In Section 2, we consider the localization of a five-
dimensional, free, and massless gravitino field in a thick
brane. We introduce the gauge condition Ψz = 0 and derive
the Schro¨dinger-like equations for a gravitino’s KK modes.
Then, we focus on the localization of a five-dimensional grav-
itino field with a coupling term on a thick brane in Section 3.
Three types of f (R)-thick branes are considered, and the mas-
sive KK resonances are studied. Finally, the discussion and
conclusion are presented in Section 4.
2 Localization of a free gravitino’s field on
thick branes
First, we consider the localization of a free massless grav-
itino’s field on a thick brane in a five-dimensional spacetime.
Usually, the five-dimensional line-element can be assumed as
follows:
ds2 = gMNdx
MdxN = e2A(y)gˆµν(x)dx
µdxν + dy2. (1)
Here, M and N denote the curved five-dimensional spacetime
indices, gˆµν is the metric on the brane, and the warp factor
e2A(y) is only the function of the extra dimension y. For con-
venience, the following coordinate transformation could be
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performed:
dz = e−A(y)dy, (2)
which transforms the metric (1) as follows:
ds2 = e2A(z)(gˆµνdx
µdxν + dz2). (3)
The action of a free, massless gravitino’s field Ψ in five-
dimensional spacetime was previously given [37, 46, 71]
S 3
2
=
∫
d5x
√−g Ψ¯MΓ[MΓNΓR]DNΨR, (4)
and the corresponding equations of motion read as
Γ[MΓNΓR]DNΨR = 0. (5)
The Dirac gamma matrices ΓM in curved five-dimensional
spacetime satisfy ΓM = eM
M¯
ΓM¯ . ΓM¯ are the gamma matri-
ces in flat five-dimensional spacetime, and {ΓM¯ , ΓN¯ } = 2ηM¯N¯ ,
where M¯ and N¯ represent the five-dimensional local Lorentz
indices. The vielbein satisfies gMN = e
M¯
M
e N¯
N
ηM¯N¯ , and for
the metric (3), it is given by
e M¯M =
 eAeˆ
µ¯
µ 0
0 eA
 , eMM¯ =
 e−Aeˆ
µ
µ¯ 0
0 e−A
 . (6)
From the relations eMM¯ = gMNe
N
M¯
and eMM¯ = gMNe M¯
N
, we
can get
eMM¯ =
 eAeˆµµ¯ 0
0 eA
 , eMM¯ =
 e−Aeˆµµ¯ 0
0 e−A
 . (7)
Thus, ΓM = e−A(eˆµ µ¯γ
µ¯, γ5) = e−A(γµ, γ5), where γµ =
eˆ
µ
µ¯γ
µ¯, γµ¯, and γ5 are the flat gamma matrices in the four-
dimensional Dirac representation. In this paper, we choose
the following representation for the four-dimensional flat
gamma matrices:
γ0 =
 0 −iI−iI 0
 , γi =
 0 iσi−iσi 0
 , γ5 =
 I 0
0 −I
 . (8)
Here, I is a two-by-two unit matrix, and σi are the Pauli ma-
trices. In this work, we only considered flat thick branes, i.e.,
gˆµν = ηµν. So we have eˆ
µ
µ¯ = δ
µ
µ¯ and γ
µ = γµ¯. In addition, the
covariant derivative of a gravitino’s field is defined as
DNΨR = ∂NΨR − ΓMNRΨM + ωNΨR, (9)
where the spin connection ωN is defined by ωN =
1
4
ω N¯L¯
N
ΓN¯ΓL¯ and ω
N¯L¯
N
is given by
ω N¯L¯N =
1
2
eMN¯(∂Ne
L¯
M − ∂Me L¯N ) −
1
2
eML¯(∂Ne
N¯
M − ∂Me N¯N )
−1
2
eMN¯ePL¯(∂MePR¯ − ∂PeMR¯)e R¯N . (10)
Thus, we obtain the nonvanishing components of ωN :
ωµ =
1
2
(∂zA)γµγ5 + ωˆµ. (11)
Note that the four-dimensional spin connection ωˆµ on a flat
brane vanishes. The nonvanishing components of DNΨR are
DµΨν = ∂µΨν − ΓMµνΨM + ωµΨν
= DˆµΨν + (∂zA)gˆµνΨz +
1
2
(∂zA)γµγ5Ψν, (12)
DµΨz = ∂µΨz − ΓMµzΨM + ωµΨz
= ∂µΨz − (∂zA)Ψµ + 1
2
(∂zA)γµγ5Ψz + ωˆµΨz, (13)
DzΨµ = ∂zΨµ − ΓMzµΨM + ωzΨµ
= ∂zΨµ − (∂zA)Ψµ, (14)
DzΨz = ∂zΨz − ΓMzzΨM + ωzΨz
= ∂zΨz − (∂zA)Ψz. (15)
Equation (5) includes five equations because M extends over
all five spacetime indices. There are two kinds of equations:
M = 5 and M = µ. For the first case of M = 5, the equation
of motion reads as
Γ[5ΓNΓR]DNΨR = Γ
[5ΓµΓν]DµΨν
=
(
[Γµ, Γν] − gµν)Γ5
×
(
DˆµΨν + (∂zA)gˆµνΨz +
1
2
(∂zA)γµγ5Ψν
)
= 0. (16)
In this work, for convenience, we prefer to choose the gauge
condition Ψz = 0, with which we introduce the KK decom-
position
Ψµ =
∑
ψ(n)µ (x)ξn(z), (17)
where ψ
(n)
µ (x) is the four-dimensional gravitino field. Then,
Eq. (16) is reduced to
(
[γµ, γν] − gˆµν)γ5 (Dˆµψ(n)ν + 12(∂zA)γµγ5ψ(n)ν
)
= 0. (18)
For the four-dimensional massive gravitino field ψµ, the fol-
lowing four equations should be satisfied [59]
γ[λγµγν]Dˆµψν − m3/2[γλ, γµ]ψµ = 0, (19a)
γµψµ = 0, (19b)
Dˆµψµ = 0, (19c)
(γµDˆµ + m3/2)ψν = 0. (19d)
Here, m3/2 is the mass of a four-dimensional gravitino field
ψµ. Thus, the left-hand side of Eq. (18) always vanishes for
a four-dimensional gravitino field ψ
(n)
µ satisfying the above
equation (19). On the other hand, when we choose the gauge
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condition Ψz = 0, the contribution of Γ
[5ΓNΓR]DNΨR in the
five-dimensional gravitino action (4) vanishes; hence, Eq.
(16) can be ignored. Then, we focus on the case of M = µ,
for which the equations of motion are
Γ[λΓNΓL]DNΨL
= Γ[λΓµΓν]DµΨν + Γ
[λΓνΓ5]DνΨz + Γ
[λΓ5Γν]DzΨν
= e−3Aγ[λγµγν]DˆµΨν − e−3A[γλ, γν]γ5(∂zA + ∂z)Ψν
= 0, (20)
where we used the gauge condition Ψz = 0. When we in-
troduce the decomposition (17) and consider the zero mode,
which corresponds to the four-dimensional massless grav-
itino satisfying γ[λγµγν]Dˆµψ
(0)
ν = 0, we obtain the equation
of motion for the extra-dimensional configuration ξ0(z):
γ[λγµγν]Dˆµψ
0
ν(x)ξ0(z) − [γλ, γν]γ5ψ(0)ν (x)(∂zA + ∂z)ξ0(z)
= −(∂zA + ∂z)ξ0(z) = 0. (21)
Obviously, the solution is
ξ0(z) = Ce
−A(z), (22)
where C is a normalization constant. Substituting the zero
mode ξ0(z) into the gravitino action (4) yields
S
(0)
3
2
= I0
∫
d4x
√
−gˆ ψ¯(0)
λ
γ[λγµγν]Dˆµψ
(0)
ν (x), (23)
where I0 ≡
∫
dz e2Aξ2
0
(z) = C2
∫
dz = C2
∫
e−A(y)dy. To
localize the gravitino’s spin 3/2 on a brane, the integral I0
must be finite. Therefore, only if we consider a RS-type
brane model, the zero mode of a five-dimensional free mass-
less gravitino can be localized in the brane for a finite extra
dimension.
For the massive modes, we need to introduce the following
chiral decomposition:
Ψµ(x, z) =
∑
n
(
ψ
(n)
Lµ
(x)ξLn(z) + ψ
(n)
Rµ
(x)ξRn(z)
)
=
∑
n
(  0
ψ˜
(n)
Lµ
ξLn
 +
 ψ˜
(n)
Rµ
ξRn
0

)
, (24)
where ψ˜
(n)
Lµ
and ψ˜
(n)
Rµ
are both the two-component spinors. The
effect of PL,R (PL,R =
1
2
[I ∓ γ5]) on the gravitino field ΨM is
to differentiate the left- and right-handed parts, respectively,
which are equivalent to the following equations:
γ5ψ
(n)
Lµ
= −ψ(n)
Lµ
, γ5ψ
(n)
Rµ
= ψ
(n)
Rµ
. (25)
Thus, substituting the chiral decomposition (24) into Eq.
(20), we have
γ[λγµγν]Dˆµψ
(n)
Lν
ξLn + γ
[λγµγν]Dˆµψ
(n)
Rν
ξRn + [γ
λ, γν](∂zA)ψ
(n)
Lν
ξLn
−[γλ, γν](∂zA)ψ(n)RνξRn + [γλ, γν]ψ(n)Lν∂zξLn − [γλ, γν]ψ(n)Rν∂zξRn
= 0. (26)
Because the product of three gamma matrices is an oblique
diagonal and the product of two gamma matrices is diagonal,
two equations can be obtained from above equation:
γ[λγµγν]Dˆµψ
(n)
Lν
ξLn − [γλ, γν](∂zA)ψ(n)RνξRn
−[γλ, γν]ψ(n)
Rν
∂zξRn = 0, (27a)
γ[λγµγν]Dˆµψ
(n)
Rν
ξRn + [γ
λ, γν](∂zA)ψ
(n)
Lν
ξLn
+[γλ, γν]ψ
(n)
Lν
∂zξLn = 0. (27b)
Using the method of separation of variance and by defining a
parameter mn, we have
γ[λγµγν]Dˆµψ
(n)
Lν
[γλ, γα]ψ
(n)
Rα
=
(∂zA)ξRn + ∂zξRn
ξLn
= mn, (28a)
γ[λγµγν]Dˆµψ
(n)
Rν
[γλ, γα]ψ
(n)
Lα
= − (∂zA)ξLn + ∂zξLn
ξRn
= mn, (28b)
i.e.,
γ[λγµγν]Dˆµψ
(n)
Lν
= mn[γ
λ, γα]ψ
(n)
Rα
,
γ[λγµγν]Dˆµψ
(n)
Rν
= mn[γ
λ, γα]ψ
(n)
Lα
, (29)
(∂z + (∂zA))ξRn = mnξLn,
(∂z + (∂zA))ξLn = −mnξRn. (30)
Equations (29) are the ones that four-dimensional chiral grav-
itinos’ fields satisfy, and Eqs. (30) are the coupled ones that
the KK modes ξLn and ξRn satisfy. Performing the field trans-
formations ξRn(z) = χ
R
n (z) e
−A and ξLn(z) = χLn (z) e
−A, we can
obtain equations for the left- and right-handed KK modes of
the gravitino
∂2zχ
L
n (z) = −m2nχLn (z), (31a)
∂2zχ
R
n (z) = −m2nχRn (z). (31b)
When the following normalizable conditions are introduced,∫
χLm(z)χ
R
n (z)dz = δRLδmn, (32)
the effective action of the four-dimensional massless and
massive gravitinos can be obtained
S m3
2
=
∑
n
∫
d4x
[
ψ¯
(n)
Lλ
(x)γ[λγµγν]∂µψ
(n)
Lν
(x) − mnψ¯(n)Lλ (x)[γλ, γµ]ψ(n)Rµ(x)
+ ψ¯
(n)
Rλ
(x)γ[λγµγν]∂µψ
(n)
Rν
(x) − mnψ¯(n)Rλ(x)[γλ, γµ]ψ(n)Lµ(x)
]
=
∑
n
∫
d4x
(
ψ¯
(n)
λ
(x)γ[λγµγν]∂µψ
(n)
ν (x) − mnψ¯(n)λ (x)[γλ, γµ]ψ(n)µ (x)
)
.
(33)
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However, the solutions of Eqs. (31a) and (31b) are clearly
mediocre. Thus, the four-dimensional massive gravitinos
cannot be localized. This conclusion is the same as that for
the Dirac fermion.
3 Localization of gravitino field with the cou-
pling term on thick branes
As mentioned in the previous section, the massive KK modes
of a five-dimensional free massless gravitino field cannot be
localized in RS-type thick branes. Therefore, it is necessary
to introduce a coupling term as that in the case of Dirac field.
In the thin brane scenario [46], one usually introduces an ad-
ditional mass term that is associated with the warp factor of
the thin brane. In the scenario of the thick brane generated by
one or multiple background scalar fields, we can introduce a
coupling term between the background scalar field and grav-
itino field. We consider the simplest coupling, i.e., a Yukawa-
like coupling, for which the action of a five-dimensional grav-
itino field is
S 3
2
=
∫
d5x
√−g(
Ψ¯MΓ
[MΓNΓR]DNΨR − ηF(φ)Ψ¯M[ΓM , ΓN]ΨN
)
. (34)
Here, F(φ) is a function of the background scalar field φ, and
η is the coupling constant. The equations of motion derived
from the above action are
Γ[MΓNΓR]DNΨR − ηF(φ)[ΓM, ΓN]ΨN = 0. (35)
By using the gauge condition Ψz = 0 and introducing the
chiral decomposition
Ψµ(x, z) =
∑
n
e−A(z)
(
ψ
(n)
Lµ
(x)χLn(z) + ψ
(n)
Rµ
(x)χRn (z)
)
, (36)
we can obtain the following first-order coupled equations
(∂z − ηeAF(φ))χLn(z) = − mnχRn (z), (37a)
(∂z + ηe
AF(φ))χRn (z) = mnχ
L
n (z). (37b)
From the above equation (37), the left- and right-handed
KK modes of the gravitino field satisfy the following
Schro¨dinger-like equations:
(−∂2z + VL(z))χLn(z) = m2nχLn (z), (38a)
(−∂2z + VR(z))χRn (z) = m2nχRn (z), (38b)
where the effective potentials are given by
VL(z) = (ηeAF(φ))2 + η∂z(e
AF(φ)), (39a)
VR(z) = (ηeAF(φ))2 − η∂z(eAF(φ)). (39b)
For a five-dimensional free gravitino, we have obtained the
effective action (33) of the four-dimensional left- and right-
handed gravitinos. It is interesting that the forms of these
equations for the left- and right-handed KK gravitinos (38a)
and (38b) are identical to those of the KK modes of a Dirac
field; meanwhile, they only differ in terms of their chiralities.
For a given background solution of a thick brane, if the func-
tion F(φ) and the coupling parameter η are identical, the mass
spectrum of the KK gravitinos will be identical to that of the
Dirac field. Here, we should note the difference in chiralities,
which will yield an interesting result.
Next, we review some kinds of f (R)-thick branes [29, 90],
and then investigate the localization of the five-dimensional
gravitino on these branes and present their KK mass spectra.
In the five-dimensional spacetime, the action of a general
f (R)-thick brane model reads [29]
S =
∫
d5x
√−g
 1
2κ2
5
f (R) + L(φi, Xi)
 , (40)
where κ2
5
≡ 8piG5 is the five-dimensional gravitational con-
stant and is set to one for convenience, f (R) is a function of
the scalar curvature R, and L(φi, Xi) is the Lagrangian den-
sity of the background scalar fields φi with the kinetic terms
Xi = − 12gMN∂Mφi∂Nφi. It is predictable that the spectra of the
KK modes of the gravitino field on these f (R)-thick branes
will be almost the same as those of the Dirac field, except for
their chiralities. These results could provide us some impor-
tant references for the future experiments on extra dimensions
and gravitinos.
3.1 Localization of gravitino field on the pure geometric
f (R)-thick branes without background scalar field
First, we focus on the localization of the gravitino field on
the pure geometric f (R)-thick branes. Zhong et al inves-
tigated pure geometric f (R)-thick branes, wherein the La-
grangian density of the background scalar fields L(φi, Xi) van-
ishes [90]. For flat pure geometric f (R)-thick branes, the
background metric was previously provided (1) with gˆµν =
ηµν. The solution of the warp factor A(y) is [90]
A(y) = −n ln(cosh(ky)), (41)
where k is a positive real parameter related to the curvature
of the five-dimensional spacetime, and n is a positive integer.
The solutions of the function f (R) for n = 1 and n = 20 are
respectively [90]
f (R) =
1
7
(6k2 + R) cosh(a(w(R)))
−2
7
k2
√
480 − 36R
k2
− 3R
2
k4
sinh(α((w(R))), (n = 1) (42)
f (R) = −377600
7803
k2 +
4196
2601
R
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− 83
41616k2
R2 +
13
39951360k4
R3, (n = 20) (43)
where α(w) = 2
√
3 arctan(tanh(w
2
)) and w(R) =
±arcsech
[ √
20n2+R/k2√
8n+20n2
]
. For arbitrary n, the function f (R) has
no unified expression, and obtaining an analytical y(z) from
the following relation of z(y) calculated from the solution (41)
is difficult:
z(y) = −cosh
n+1(ky) sinh(ky) 2F1
(
1/2, n+1
2
, n+3
2
, cosh2(ky)
)
(n + 1)k
√
− sinh2(ky)
. (44)
Because there is no background scalar field in the pure ge-
ometric brane model, we may try to take ηF as the five-
dimensional mass M of the gravitino field. Then, the effective
potentials VL and VR can be expressed in terms of the extra
dimension y.
VL(z(y)) = sech2n(ky)
(
M2 − nkM tanh(ky)), (45)
VR(z(y)) = sech2n(ky)
(
M2 + nkM tanh(ky)
)
. (46)
It is easy to see that both potentials are asymmetric and that
their asymptotic behaviors are
VL(0) = M2, VL(±∞) = e2A(±∞)(M2 ∓ Mkn) = 0, (47)
VR(0) = M2, VR(±∞) = e2A(±∞)(M2 ± Mkn) = 0, (48)
which indicates that there is no bound massive KK mode.
The solutions for the left- and right-handed zero modes of
the gravitino field are χL,R
0
∝ e±My. It is clear that both zero
modes are not normalizable; hence, they cannot be localized
in the pure geometric f (R)-thick branes.
3.2 Localization of gravitino field on the f (R) thick
branes with L = X − V(φ)
Now let us consider the f (R)-thick branes generated by one
background scalar field. For the Lagrangian density L =
X − V(φ) = − 1
2
∂Mφ∂Mφ − V(φ), the solution in this model
with the Sine-Gordon potential is given by [29]
f (Rˆ) = Rˆ +α
{
24b2+2Rˆ+2bRˆ
2+5b
[
P
b/2
K−
(Ξ)−βQb/2
K−
(Ξ)
]
−4(b2−2bK+)Ξ
[
P
b/2
K+
(Ξ) −ΞPb/2
K−
(Ξ)
+βΞ
(
Q
b/2
K−
(Ξ) − Qb/2
K+
(Ξ)
) ]}
Θb/2, (49a)
V(φ) =
3bk2
8
(1 − 4b) + (1 + 4b) cos (
√
8
3b
φ
) , (49b)
φ(y) =
√
6b arctan
[
tanh
(ky
2
)]
, (49c)
A(y) = −b ln
[
cosh(ky)
]
, (49d)
where b and k are positive parameters related to the thick-
ness of the brane; α is an arbitrary constant; Rˆ ≡ R/k2,
K± ≡ 12
√
(b − 14)b + 1 ± 1/2; Ξ =
√
1 − Θ2; Θ ≡
√
20b2+Rˆ
2
√
2b+5b2
;
and P and Q are the first and second kinds of Legendre func-
tions, β = P
b/2
K+
(0)/Q
b/2
K+
(0). Note that the solution (49b)-(49d)
is also appropriate for the case of f (R) = R. Thus, the fol-
lowing results are also appropriate for the case of the general-
relativity thick brane. As discussed in the above subsection,
it is very difficult to obtain analytical y(z). Therefore, in the
following section, we will solve the equations numerically.
The effective potentials VL and VR in the physical coordinate
y become
VL(z(y)) = (ηeAF(φ))2 + ηe2A∂yF(φ) + η(∂yA)e
2AF(φ), (50a)
VR(z(y)) = VL(z(y))|η→−η. (50b)
Obviously, for different forms of F(φ), the potentials VL
and VR have different expressions, which determine the mass
spectra of the KK modes. In this work, we consider one kind
of Yukawa coupling, i.e., F(φ) = φα with positive integer α.
For a kink configuration of the scalar φ, because VL and VR
should be symmetrical with respect to the extra dimension y,
α should be odd. Next we consider two cases: the simplest
case F(φ) = φ and the case for α > 1.
3.2.1 Case I: F(φ) = φ
For the case of F(φ) = φ, the effective potentials (50) read
VL(y) =
1
2
cosh(ky)−1−2b
[
12bη2 arctan
(
tanh(
ky
2
)
)2
cosh(ky)
+ η
√
6bk(1 − 2b arctan
(
tanh(
ky
2
)
)
sinh(ky))
]
, (51a)
VR(y) = VL(y)|η→−η, (51b)
which are symmetrical. The values of the potentials at the
origin and at infinity are given by
VR(0) = −ηk
√
3b
2
= −VL(0), (52)
VR(±∞) = 0 = VL(±∞). (53)
It is clear that both potentials exhibit the same asymptotic
behaviors as y → ±∞, whereas their values at y = 0 are
opposite. Thus, only the left- or right-handed gravitino zero
mode (four-dimensional massless left- or right-handed grav-
itino) could be localized in the f (R)-thick brane. The shapes
of the potentials (51) are shown in Fig. 1; it can be seen that
for any positive b, k, and η, VR(z(y)) is a volcano-type poten-
tial and that a localized zero mode and a continuous gapless
spectrum of massive KK modes may exist. Furthermore, the
depth of the potential VR increases with values of the parame-
ters η, b, and k. By solving Eq. (38b) with the potential (51b),
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(a) VL, b = 1 (b) VR, b = 1
(c) VL, b = 3 (d) VR, b = 3
Figure 1 Potentials VL(z) and VR(z) for the left- and right-handed gravitinos on the f (R)-thick branes with F(φ) = φ. Here, k = 1, and the coupling constant
η is set to 2.0 (blue thin trace), 3.0 (green thick trace), and 4.0 (red dashed trace).
the zero mode of the right-handed gravitino becomes
χR0 (z) ∝ exp
(
−η
∫ z
0
eA(z¯)F(φ)dz¯
)
= exp
(
−η
∫ y
0
φ(y¯)dy¯
)
= exp
(
−η
∫ y
0
√
6b arctan
(
tanh
(
ky¯
2
))
dy¯
)
, (54)
and its normalization condition
∫ ∞
−∞
(χR0 (z))
2dz =
∫ ∞
−∞
(χR0 (y))
2e−A(y)dy
∝
∫ ∞
−∞
exp
(
−A(y) − 2η
∫ y
0
φ(y¯)dy¯
)
dy
=
∫ ∞
−∞
exp
(
bln(cosh(ky))
−2η
∫ y
0
√
6b arctan
(
tanh
(
ky¯
2
))
dy¯
)
dy < ∞(55)
is equivalent to
∫ ∞
0
exp
(
kby − piη
2
√
6by
)
dy < ∞ (56)
because −A(y) → kby and arctan(tanh( ky
2
)) = pi/4 as y → ∞.
The above normalization condition (56) requires
η > η0 ≡ k
pi
√
2b
3
. (57)
Thus, if the coupling constant is strong enough (η > η0), the
right-handed zero mode can be localized in the brane. It is not
difficult to check whether the left-handed zero mode canbe
localized in the brane under the condition (57).
On the other hand, the potential VL(z(y)) for positive η is
always positive and vanishes with increasing distance from
the brane. This type of potential cannot trap any bound state;
hence, there is no left-handed gravitino zero mode. The struc-
ture of the potential VL is determined by the parameters k, b,
and η. For given k and b, the potential VL has a barrier for
a small η. When η increases, a quasipotential well appears,
and the depth of the well increases with the value of η. How-
ever, for given η and k (or b), the height of the potential VL
increases with b (or k), and the quasipotential well changes
into a barrier with the growth of b (or k). The behavior of VL
around the point y = 0 is similar to that of the function y4,
and there will be three extreme points if a quasipotential well
exists around the point y = 0. Using the third-order Taylor
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series expansion of ∂yV
L near the point y = 0, we obtain
∂yV
L =
1
2
k2η
[
6bη −
√
6bk(1 + 4b)
]
y
+
1
12
k4η
[√
6bk(1 + 2b)(5 + 18b) − 24bη(1 + 3b)]y3 + O(z5). (58)
For k = 1 and b > 1
2
√
3
, the above function has three roots,
and a quasipotential well appears when η > 1
6
√
6+48b+96b2
b
(it
equals 2.04124 when b = 1).
For the case wherein a quasipotential well appears for VL,
we can find the resonance states of the gravitino, which are
massive four-dimensional gravitinos with finite lifetimes on
the brane. To investigate the gravitino’s resonant modes, we
define the relative probability as follows [39]:
PL,R(m
2) =
∫ zb
−zb |χ
L,R(z)|2dz∫ zmax
−zmax |χL,R(z)|2dz
, (59)
where 2zb is approximately the width of the brane, and zmax =
10zb. The left- and right-handed wavefunctions χ
L,R(z) are
the solutions of Eqs. (38). The above definition can explain
that |χL,R(z)|2 is the probability density [39, 51]. A resonant
mode with mass mn exists if the relative probability P(m
2)
has a peak around m = mn. These peaks should have full
width at half maximum, and the number of these peaks is the
same as that of the resonant modes. To obtain the solutions
of Eqs. (38), we always need two additional types of initial
conditions
χL,Reven(0)=1, ∂zχ
L,R
even(0) = 0; (60a)
χ
L,R
odd
(0)=0, ∂zχ
L,R
odd
(0) = 1, (60b)
where χ
L,R
even and χ
L,R
odd
correspond to the even- and odd-parity
modes of χL,R(z), respectively.
Our results are shown in Figs. 2, 3, and Table 1. Obviously,
the mass spectra of left- and right-handed gravitinos’ reso-
nant modes are almost the same, whereas their parities are
opposite. The first resonant mode of the left-handed gravitino
is even and its shape around z = 0 looks like a ground state.
Conversely, the first resonant mode of the right-handed grav-
itino is odd and it appears to be the first excited state. These
results are reasonable because the effective potentials VL and
VR are supersymmetric partners, which give the same spec-
tra for resonant modes. In fact, fermion resonances on branes
have similar properties because Eqs. (38) of the KK modes of
a gravitino are almost the same as those of a fermion. How-
ever, there is a difference between them, which is elaborated
as follows: for a five-dimensional Dirac fermion field with a
coupling term, if we use the representation of the gamma ma-
trices (8) and parity relation (25), the equations of motion of
the left- and right-handed fermion KK modes f L,R are given
by
(−∂2z + VL(z)) f L = m2 f L, (61a)
(−∂2z + VR(z)) f R = m2 f R, (61b)
with the effective potentials
VL(z) = η2e2AF2(φ) − ηeA∂zF(φ) − ηeA(∂zA)F(φ) , (62a)
VR(z) = η2e2AF2(φ) + ηeA∂zF(φ) + ηe
A(∂zA)F(φ) . (62b)
Obviously, the Schro¨dinger-like equation of the left-handed
gravitino’s KK modes (38a) is the same as that of the right-
handed fermion’s KK modes (61b), and the Schro¨dinger-like
equation for the right-handed gravitino’s KK modes (38b)
is the same as that of the left-handed fermion’s KK modes
(61a). Therefore, for a five-dimensional Dirac fermion, only
the zero mode of the left-handed fermion can be localized in
the f (R)-thick brane with the coupling F(φ) = φ, and the first
resonant mode of the right-handed fermion is even. This dif-
ference between the fermion’s and the gravitino’s KK modes
is generated from the differences in their field equations. For
a five-dimensional Dirac fermion field with the Yukawa cou-
pling, the field equation reads[
γµ∂µ + γ
5(∂z + 2∂zA) − ηeAF(φ)
]
Ψ = 0. (63)
Note that the sign in front of γ5 is positive. For bulk grav-
itino, Eq. (20) proves that the sign in front of γ5 is negative,
which leads to the swapping of the above results. This differ-
ence is noteworthy, and it could mark the distinction between
the Dirac fermion and gravitino fields.
In addition, the number of the resonant modes for the
gravitino field increases with the coupling constant η but de-
creases with the parameter b. The relative probability P de-
creases when the mass of the resonant mode approaches the
maximum value of the potentials. Furthermore, the resonant
modes approach each other as m2 approaches the maximum
value of the potentials. These results are consistent with those
of the Dirac fermion.
3.2.2 Case II: F(φ) = φα with α > 1
Next, we consider a natural generalization of the Yukawa
coupling F(φ) = φα with α = 3, 5, 7, · · · . Note that φα
becomes a double kink for α > 3 because the scalar field φ is
a kink. For this case, the effective potentials (50) become
VL(y) =
1
2
3
α
2 kηb
α
2
−1 arctanα−1 (tanh (ky/2)) sech2b+1(ky)
× [α − 2b arctan (tanh(ky/2)) sinh(ky)]
+ 6αη2
(√
b arctan (tanh(ky/2))
)2α
sech2b(ky), (64a)
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Figure 2 The probabilities PL,R (as a function of m
2) for finding massive resonant KK modes of the left- and right-handed gravitinos with mass m2 on
the thick brane for the coupling F(φ) = φ. Solid lines and dashed lines are plotted for the even-parity and odd-parity massive gravitinos, respectively. The
parameters are set to b = 1, k = 1, η = 10, and zmax = 20.
(a) m2 = 21.9171 (b) m2 = 38.3348 (c) m2 = 47.9467
(d) m2 = 21.9169 (e) m2 = 38.3311 (f) m2 = 47.9328
Figure 3 The shapes of the massive KK resonant modes of the left-handed (upper) and right-handed (lower) gravitinos for coupling F(φ) = φ with different
m2. Here, the parameters are set to k = 1, b = 1, η = 10, and zmax = 20.
VR(y) = VL(y)|η→−η. (64b)
Obviously, both the potentials are symmetrical and vanish at
y = 0 and y → ±∞, and they are depicted in Fig. 4 for dif-
ferent values of b and α. There always exists a quasipotential
well for the left-handed potential VL and a double-potential
well for the right-handed one. These wells for both poten-
tials increase in depth with increases in the parameters b, η,
and α, implying that there is an increasing number of reso-
nances with increases in b, η, and α. Because the coupling
function φα tends to a constant as y → ±∞, the zero mode of
the right-handed gravitino
χR0 ∝ exp
(
−η
∫ z
0
eA(z)φαdz
)
= exp
(
−η
∫ y
0
φαdy
)
(65)
is equivalent to exp
(
−η( pi
4
√
6b)α|y|
)
because φα = ±( pi
4
√
6b)α
as y → ±∞. The satisfaction of the normalization condition is
easy to check for any positive coupling constant η. Thus, the
right-handed zero mode can be localized in the brane for any
positive coupling constant η; simultaneously, the left-handed
zero mode cannot be localized.
For the massive modes, we consider the resonance states.
As in the previous subsection, we solve the Schro¨dinger equa-
tions (38) numerically by using the two types of initial con-
ditions (60). The mass spectrum of the resonances is pre-
sented in Table 2. It is clear that in this table, the masses of
the resonant modes of the left- and right-handed gravitinos
are still almost the same, whereas their parities are opposite.
The number of the resonances increases with an increase in
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(a) VL, α = 3 (b) VR, α = 3
(c) VL, α = 5 (d) VR, α = 5
Figure 4 Potentials VL(z) and VR(z) for left- and right-handed gravitinos on the f (R)-thick branes with F(φ) = φα. Here, k = 1; η = 1; and b is set to 1.0
(blue thin trace), 1.5 (green thick trace), and 2.0 (red dashed trace).
the parameters b, α, and η. These resonances approach each
other as m2 increases, which is the same as the conclusion in
the case of α = 1.
3.3 Localization of the gravitino field in the f (R)-thick
branes with L = X1 + X2 − V(φ1, φ2)
In the previous subsection, the f (R)-thick branes are gener-
ated by a single canonical scalar field. In this subsection, we
will analyze the localization of bulk gravitino in the Bloch-
f (R) brane model, where the Lagrangian density of the scalar
fields is given by
L = −1
2
∂Mφ∂Mφ − 1
2
∂Mξ∂Mξ − V(φ, ξ). (66)
The scalar fields φ and ξ interact through the scalar potential
V(φ, ξ). In the following equations, we consider the solution
previously given [29]:
φ(y)=v tanh(2dvy), (67a)
ξ(y)=v
√
b˜−2d
d
sech(2dvy), (67b)
A(y)=
v2
9d
[
(b˜−3d) tanh2(2dvy)−2b˜ ln cosh(2dvy)
]
, (67c)
where b˜ > 2d > 0, and the scalar potential is
V(φ, ξ) =
1
2
[(
b˜v2 − b˜φ2 − dξ2
)2
+ 4d2φ2ξ2
]
−4
3
(
b˜φv2 − 1
3
b˜φ3 − dφξ2
)2
. (68)
For certain given values of the parameters v and b˜, the func-
tion f (R) could have an analytical expression. For example,
when v =
√
3/2 and b˜ = 3d, we have
f (R) = R +
2γ
7
[ √
3(R − 48d2)(R + 120d2) sinY(R)
+2
(
R + 36d2
)
cosY(R)
]
, (69)
where γ is a parameter andY(R) =
√
3 ln
( √
R−48d2+
√
R+120d2
2
√
42d
)
.
Next, we investigate the localization of bulk gravitino with
the coupling function F(φ) = φpξq with p = 1, 3, 5, · · · and
q is any integer. Such coupling was also used to localize the
Dirac fermion previously [51-53].
3.3.1 Case I: F(φ) = φpξq with q > 0
First, we consider the case F(φ) = φpξq with q > 0. For
convenience, we let q = 1. The simplest case is the Yukawa
coupling between the two scalar fields and the gravitino, i.e.,
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−ηφξΨ¯M[ΓM , ΓN]ΨN . We also assume without loss of gen-
erality that the coupling constant η is positive. The asymp-
totic behaviors of the potentials (50) in this case are similar
to those in the previous subsection. As z (or y)→∞, both the
potentials VL and VR vanish, and their values become oppo-
site at z = 0:
VL(0) = −VR(0) = 2ηv3
√
(b˜ − 2d)d, (70)
which shows that a potential well exists around z = 0 for
VR. Thus, it appears that the left-handed zero mode of the
gravitino cannot be localized in the brane, whereas the right-
handed zero mode can be localized. However, when substi-
tuting the solution of the right-handed zero mode
χR0 ∝ exp
(
− η
∫ z
0
dz¯eA(z¯)φ(z¯)ξ(z¯)
)
= exp
(
− η
∫ y
0
dy¯φ(y¯)ξ(y¯)
)
= exp
(
ηv
2d
√
b˜ − 2d
d
sech(2dvy¯)|y
0
)
∝ exp
(
ηv
2d
√
b˜ − 2d
d
sech(2dvy)
)
(71)
into the normalization condition (32), we find the integral∫ ∞
−∞
(χR0 (z))
2dz =
∫ ∞
−∞
(χR0 (y))
2e−A(y)dy
∝
∫ ∞
−∞
exp
(
− A(y) − 2η
∫ y
0
φ(y¯)ξ(y¯)dy¯
)
dy
= C2
∫ ∞
−∞
cosh(2dvy)
2v2b˜
9d exp
(
2ηv
2d
√
b˜ − 2d
d
sech(2dvy)
− v
2
2d
(b˜ − 3d) tanh2(2dvy)
)
dy (72)
is divergent, which means that the right-handed zero mode
cannot be confined to the brane. Although the potential of
the right-handed gravitino is a volcanic, no zero mode exists
on the brane. In fact, for any q > 0 and p = 1, 3, 5 · · · , the
right-handed zero mode will be a constant as y → ∞ because
F(φ) = φpξq ∝ tanhp(2dvy)sechq(2dvy)→ 0. Obviously, this
type of a zero mode cannot satisfy the normalization con-
dition (32). Thus, for any q > 0, there exists no bounded
zero mode of the gravitino on the brane (the left-handed zero
mode too cannot be localized). Because of the absence of a
localized zero mode on the brane, we turn to the case q < 0.
3.3.2 Case II: F(φ) = φpξq with q < 0 (or q = −1)
We let q = −1 to represent the case q < 0 for convenience.
The potentials (50) in this case are shown in Fig. 5. Both
the potentials VL and VR have infinite wells. For the sim-
plest case p = 1, both potentials vanish as z (or y)→ ∞, and
their values become opposite at z = 0: VL(0) = −VR(0) =
2ηdv√
(b˜−2d)/d
. The left-handed zero mode yet cannot be localized
in the brane because it is divergent as z → ∞, whereas the
right-handed one
χR0 ∝ exp
(
− η
∫ y
0
dy¯φ(y¯)ξ−1(y¯)
)
= exp
(
− η
2
(√
(b˜ − 2d)d v
)−1
cosh(2dvy¯)|y
0
)
∝ exp
(
− η
2
(√
(b˜ − 2d)d v
)−1
cosh(2dvy¯)
)
(73)
will vanish as y → ∞ for any η > 0. Checking whether this
right-handed zero mode for any η > 0 can be localized in
the brane under the condition (57) is easy. Further, for any
q < 0 and p = 1, 3, 5 · · · , the right-handed zero mode will be
localized. For other p > 3, both potentials vanish at z = 0:
VL(0) = VR(0) = 0, and the left-handed potential VL is al-
ways non-negative while VR have a double well. Therefore,
only the right-handed zero mode could be localized in the
brane.
There are infinite bounded massive KK modes in this case
because both the effective potentials are infinite. Some of our
results are listed in Table 3. It is clear that the mass spec-
tra of the left- and right-handed gravitinos’ massive bounded
KK modes are almost the same when their parities are op-
posite, as shown in the previous section. When p = 1, the
mass of the first bounded state of the left-handed gravitino
(or the mass of the first excited state of the right-handed one)
increases with the value of η because the minima of the left-
handed potential VL increases with η. However, the relative
width of the effective potentials decreases with the value of η
and increases with the value of m2. Thus, the gaps between
the bounded states will extend with the growth of η and be-
come increasingly narrow as m2 increases. When p > 3, the
mass of the first bounded state of the left-handed gravitino
still increases with the growth of the η, despite the minima of
the left-handed potential VL being always zero. Other con-
clusions are the same as in the case p = 1.
4 Discussion and conclusion
In this manuscript, we investigated the localization and res-
onant modes of a five-dimensional gravitino field on the
f (R)-thick branes, and we considered the Schro¨dinger equa-
tions for the gravitino KK modes under the gauge condition
Ψz = 0. Similar to the five-dimensional free and mass-
less Dirac fermion field, the zero mode of a free massless
five-dimensional gravitino field was localized in a brane only
for realizing a compact extra dimension, but its massive KK
modes could not realize the localization. Therefore, we intro-
duced the coupling term −ηF(φ)Ψ¯M[ΓM , ΓN]ΨN to investi-
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(a) VL, p = 1 (b) VR, p = 1
(c) VL, p = 3 (d) VR, p = 3
Figure 5 Potentials VL(z) and VR(z) for the left- and right-handed gravitinos’ KK modes on the f (R)-thick branes with F(φ) = φpξ−1. Here, v = d = 1; b˜ = 3;
and the coupling constant η is set to 1.0 (blue thin trace), 1.5 (green thick trace), and 2.0 (red dashed trace).
gate the localization of gravitino on three kinds of f (R)-thick
branes. The relative probability method was applied to study
the resonances of gravitinos on these f (R)-thick branes. The
localization and KK spectra of the five-dimensional gravitino
field with the Yukawa coupling term −ηF(φ)Ψ¯M[ΓM, ΓN]ΨN
were found to be very similar to those of the Dirac fermion,
but their chiralities were opposite. This difference may repre-
sent the distinction between a five-dimensionalDirac fermion
field and gravitino field.
First, we considered the localization of a gravitino on the
pure geometric f (R)-thick branes, whose Lagrangian density
L(φi, Xi) of the background scalar fields is zero. With the
addition of the five-dimensional mass term ηF(φ) = M, we
found that in this system, the KK modes of gravitinos, both
the zero mode and massive ones, were unable to localize in
the pure geometric f (R)-thick branes.
Subsequently, the f (R)-thick branes, which are generated
by a single canonical background scalar field φ, were consid-
ered. We introduced the Yukawa coupling function, F(φ) =
φα with α = 1, 3, 5, 7, · · · to study the localization of the
gravitino field in the f (R)-thick brane model. We used two
types of coupling functions F(φ), i.e., α = 1 and α > 3.
For the case of α = 1, localized left- or right-handed zero
modes existed on the brane as the coupling parameter η sat-
isfied η > k
pi
√
2b
3
. Furthermore, for k = 1 and b > 1
2
√
3
, we
were able to obtain massive resonances of the gravitino on the
brane under the condition η > 1
6
√
6+48b+96b2
b
. The results in-
dicated that the left- and right-handed gravitinos had almost
the same resonant spectra, but their parities were opposite.
With relation (25), the first resonance of the left-handed grav-
itino is even and that of the right-handed gravitino is odd.
Only the right-handed zero mode of the gravitino was con-
fined on the brane. These results were appropriate for other
cases reported in this paper. However, for a five-dimensional
Dirac fermion field, only the left-handed zero mode of Dirac
fermion was able to localize in the f (R)-thick branes, and the
first resonance of the left-handedDirac fermion was odd. The
difference in the results of the gravitino and the Dirac fermion
field arose from the opposing polarities of γ5 in their dynamic
equations, which may be a parameter to distinguish the Dirac
fermion field and the gravitino field by as they have the same
coupling function F and parameter η. In addition, the num-
ber of KK resonant modes for the gravitino in this braneworld
system increased with an increase in the coupling parameter
η, whereas it decreased with the model parameter b. For an-
other case (α > 3), there were no bounded zero modes for
both left- and right-handed gravitinos, and the number of KK
resonant modes increased with growths in the parameters b,
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α, and the coupling parameter η.
Finally, we focused on the Bloch- f (R) branes that were
generated by two interacting real scalar fields. The coupling
function F(φ) = φpξq with p = 1, 3, 5, · · · and q as any inte-
ger was considered in this model. For the case q > 0, there
existed no bounded zero modes. For the case q < 0, the
right-handed zero mode was localized in the brane for any
η > 0, and there existed infinite bounded massive KK modes
for both the left- and right-handed gravitinos because both the
effective potentials were infinite potential wells. The gaps be-
tween the bounded states extended with the growth of η and
became increasingly narrow as m2 increased.
Some challenges persisted. As we showed in this paper,
the spectra of the KK modes of a bulk gravitino were al-
most the same as those of a bulk Dirac fermion except for
their chiralities. Thus, all the results of the localization of
Dirac fermion in branes could be appropriate for the grav-
itinos by interchanging their chiralities. However, for some
kinds of branes, we found the localized KK modes of the
Dirac fermion by introducing a new coupling term [43,56]. It
was not clear whether this coupling term applies to the grav-
itinos, and it will be our work in the future. In addition, we
only considered Minkowski branes in this work. The local-
ization of gravitinos in dS/AdS branes is also interesting.
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b η C P m2 m P
even 21.9171 4.68157 0.988172
L odd 38.3348 6.19151 0.986425
10 even 47.9467 6.92436 0.423099
odd 21.9169 4.68155 0.999673
R even 38.3311 6.19121 0.981257
odd 47.9328 6.92335 0.423111
even 34.2006 5.84813 0.999212
odd 63.1603 7.94735 0.999998
1
L even 86.4700 9.29892 0.993796
odd 102.7540 10.13680 0.632409
15 even 112.2329 10.59400 0.238222
odd 34.1964 5.84777 0.999959
even 63.1822 7.94872 0.992303
R odd 86.4490 9.29780 0.998145
even 102.7740 10.13780 0.631364
odd 112.0613 10.58590 0.232899
L even 35.3730 5.94752 0.982136
10 odd 54.7429 7.39884 0.287870
R odd 35.3712 5.94737 0.981886
even 54.4129 7.37651 0.285428
even 56.8585 7.54046 0.999979
L odd 98.8432 9.94199 0.922543
3
15 even 122.4728 11.06670 0.276112
odd 56.8515 7.53999 0.999923
R even 98.9253 9.94612 0.902362
odd 122.6000 11.07250 0.277316
Table 1 The eigenvalue m2, mass m, and the relative probability of the left- and right-handed gravitinos with odd- and even-parity solutions for the coupling
F(φ) = φ. In all tables presented in this paper, C and P represent chirality and parity, respectively, and L and R represent left- and right-handed, respectively.
The parameter k is set to k = 1.
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α C P m2 m
L even 1.07851 1.03851
3
R odd 1.07771 1.03813
even 1.34176 1.15834
odd 3.84231 1.96018
L even 5.85206 2.41910
odd 7.30702 2.70315
even 8.79401 2.96547
5
odd 1.32835 1.15254
even 3.83457 1.95821
R odd 5.84765 2.41819
even 7.31179 2.70403
odd 8.80562 2.96743
Table 2 The eigenvalue m2 and mass m of the left-and right-handed gravitinos with the odd- and even-parity solutions for the coupling F(φ) = φα. The
parameters are set to k = 1, η=1, and b = 1.
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p η C P m2n mn
even 2.4489 1.5649
L odd 3.6790 1.9181
...
...
...
1 even 0 0
R odd 2.4490 1.5649
even 3.6790 1.9181
...
...
...
1
even 5.8846 2.4258
L odd 9.3857 3.0636
...
...
...
2 even 0 0
R odd 5.8849 2.4259
even 9.3860 3.0637
...
...
...
even 1.8861 1.3734
L odd 3.5178 1.8756
...
...
...
1 even 0 0
R odd 1.8860 1.3733
even 3.5177 1.8756
...
...
...
3
even 3.6985 1.9232
L odd 8.1171 2.8491
...
...
...
2 even 0 0
R odd 3.6981 1.9230
even 8.1170 2.8490
...
...
...
Table 3 Eigenvalue m2n and mass mn of the bounded left- and right-handed gravitinos’ KK modes for the coupling F(φ) = φ
pξ−1. The parameters are set to
v = d = 1 and b˜ = 3.
